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Abstract—The Ritz method with relaxed coordinate functions is used here to establish a
minimizing sequence for an extended functional. The integrand of the functional involves dis-
continuous functions, which implies that the gradient of the related extremal curve or surface
also admits discontinuities. It is discussed a systematic way to form an extended functional
allowing the minimizing sequence to approach the exact solution displaying the discontinuities
in the gradient of the extremal surface. The extra terms added to the classical functional are
shown to be related to the Erdman-Weierstrass corner conditions. Finally the method is
applied to the torsion of a composite rod, and the results compared with a solution obtained
through the finite elements method.

1. INTRODUCTION
Variational principles have been widely used in the analysis of static and dynamical prob-
lems in solid mechanics in recent times[1].

The effectivness of the direct methods for the minimization of a functional such as the
Ritz, Galerkin, finite elements methods and others, together with an increasing elaboration
in the computational techniques brought a revival of the extremal principles. It is well
known that almost all of the finite element techniques can be derived from a variational
principle in a very elegant way. This tendency is to be found in the recent literature[2-4].

The scope of the direct methods in the calculus of variations is to find a series representa-
tion for the extremal of a given functional J{u}:

M

ulap =g 2

where u, is given on the boundary. Now, if the functional (1) with the auxiliary condition (2)
admits a minimum u*(x), Ju*] < J{u] and if we require further, that the integrand in (1) is

cu.
J[u]sz(uis%:xj)dQ
J

D Jj=1lm
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continuous in all its variables, then the extremal u*(X) can be approximated by a minimizing
sequence of the form:

00 = ¥ A0 ®

where the ¢,(x) are the coordinate vector functions of a n-dimensional function space. We
assume further that this is a normed space. If the admissible function space M: {¢p;(x)} is
complete, it can be shown[5] that the sequence (3) converges to u*(x) with respect to the norm
of M.

This is a central point in the variational technique. In general we can only claim that the
sequence {3) will approach the solution w*(x}, in a sense that the measure of the closeness is a
certain pre-established norm. Except for particular cases, the pointwise convergence is ruled
out, and we can expect that the sequence (3) approaches u*(x} in the sense of the mean
convergence or energy convergence[5].

Suppose now, that besides u*(x) we want also a representation for da/dx;. Then the situa-
tion is even more critical. We are not allowed to differentiate the sequence (3) term by term,
with respect to x;, make the limit as » — oo, and claim that this sequence converges to
du/dx;, without proving it. In general this is not true.

Let us take for instance a very simple, but illustrative example. Consider a rod of uniform
cross section with area equals unit, composed by two different materials as depicted in
Fig. 1.
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Fig. 1. Non-homogeneous rod under an axial loading.

Assume that it is loaded by a longitudinal distributed force p(x) and fixed at both ends.
If u(x) represents the longitudinal displacement of a cross section, the actual solution
minimizes the functional:

b

Jul = %f ) [E(x) (:—2)2 - Zp(x)u(x)] dx —a<x<b (4)

where the integral is to be understood as the union of the integrals over the intervals [—a, 0)
and (0, b].

u(—a) =20 (5a)
u(by =0 (5b)

_|E, —a<x <0
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The minimizing sequence

inx

u,(x) = a; sin —a<x<b 7

)= Y aysin — ™
fulfils the boundary conditions (5a) and (5b), and approaches the solution #*(x) in the
mean. Now, the strain &(x) = du/dx cannot be obtained by differentiating the sequence (7).
Indeed, it is clear that the strain at the origin to the left is different from the strain at the

origin to the right, that is:
e(07) # &(0") (8)

since the Young moduli are distinct for both materials and the continuity condition of the
stress field at the interface requires that:

Ee(07) = E,e(0") (9a)
hence
£(07) _ E,
s(_Or) = E # 1. (9b)

On the other hand, the space of admissible functions is formed by the set of infinitely many
differentiable continuous functions {sin inx/a + b}. Therefore:
du,(07)  du,(0")
dx dx

(10)

for every n, and (10) is also true as # — oo. That is the derivative of the sequence, does not
converge to the derivative of the solution, at least at x =0+ 0 and x =0 — §, where § is
any arbitrary small positive number. This fact has already been pointed out[6] in connection
with wave propagation in composite material.

Although it is true that in many cases, an approximation in the sense of the convergence
in the mean or in the energy is sufficient, nevertheless it would be useful to have a minimizing
sequence that could exhibit the actual discontinuities in the derivatives of the extremal
u(x). It has been shown[6, 7] that adding some complementary terms to the energy func-
tional it is possible to have a series representation that exhibit these discontinuities. A sys-
tematic way of establishing an extended functional and a field of admissible functions in
order to achieve a representation that can display jumps in the derivatives, is the purpose
of this paper. Prager[8] and Leipholz[9] have also examined the problem of discontinuities
of the extremal and relaxing the boundary conditions, but from a quite different point of
view.

2. BROKEN EXTREMAL FOR A PARTICULAR CLASS OF FUNCTIONALS
In this paper we will restrict ourselves to boundary value problems of the kind:

V(g(x, y) Vu) + Au = f(x, y) x,yeD an
u(x, y)|op =0 (12a)

or
g B (12b)

on oD
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where V is the gradient operator, g(x, y) and f(x, y) are sectionally continuous functions in a
closed domain D.

It can be shown[5] that if u*(x, y) is the solution to the partial differential equation (11)
together with the boundary conditions (12a) or (12b) it also minimizes the functionalf:

1
Ju] = = j f [9(Vi)? — Au? + 2uf] dx dy (13)
27,
with one of the boundary conditions (12a) or (12b). In this case, however, the gradient of

#*(x, y) is discontinuous on the lines where g(x, y) is discontinuous. Indeed, let g(x, y) be
discontinuous on the curve C,, (Fig. 2) which divides the domain D into two subdomains

Fig. 2.

D, and D,, such that D= D, u D,. Call P: (x*, y*) a generic point on C;, and let us
agree to designate by P, and P, respectively, points of D, and D, whose distances from P
are arbitrary small. Then g(x, y) can be defined as follows:

g:(x,y)  (x,»eD

9(x.3) = <92(X, » (x,»eD

and lim g¢,(P,) # lim g,(P,).
Pi—P P;—P

The functional (13) can now be rewritten:
1 2 2 1 2 2
J[u] = = j j (9,(V)? — Ju? + 2uf) dx dy + = j (9,(Vi)? — A + 2uf) dx dy. (14)

2 D, 2 D>

Taking the first variation we obtain:

871l = | j 91V V(6u) — Ju bu + fou dx dy + [ (g, Vu. V(6u) — Audu + fou) dx dy

Dy D>

and using Green’s theorem:

8Ju] = ffb [—V(g,Vu) — Au + f] du dx dy + ﬂn [—V(g, V) — Au + f] du dx dy

Ju Ju ou
= — — & d — 4 ds. 15
~§—LD§1 ™ du ds J'Clz [_gl E™ uLﬁP s +fcu [gz ™ qu‘P s 15

+ The integral (13) is to be understood as the union of the integrals over the sub-domains of D where
g(x, ») is continuous.
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0
But in view of the boundary conditions (12a) or (12b) either éu|,, = 0 or a_u =0, there-

n

oD
fore the above expression reduces to:

Ju ou
SJu] = —V(gVu) — Au + f]1éudxdy + {[ -—] —[ ——J }6uds.
(a1 =[] 1= V(gvw) 1 R % R L1~
(16)
We note that the field of admissible functions is continuous and then lim Ju(P,) =
Pl—?P
lim éu(P,), which allows the rearrangement of the two last integrals in (15) into the last
P>—P
integral in (16).
A necessary condition for the minimum is 8J[u] = 0, and since du is arbitrary the funda-
mental lemma of the calculus of variations leads to:

V(g(x, p)Vu) + Au = f(x, y) 17)

G N U L &
92 onlp,p glan P1—>P__ .

The first equation is clearly the differential equation (11) and the second equation gives
the jump relation for the directional derivative of « along C,,. This relation is equivalent
to the first Erdman-Weierstrass corner condition[10] for broken extremals.

If the functional (13) defined in a domain D admits a minimum, and g(x, y) is discon-
tinuous on a curve C,, which divides D into two disconnected subdomains D, and D, , and is
a continuous differentiable function elsewhere in D, then the gradient of the extremal surface
u*(x, y) has a jump discontinuity on C,, such that:

[ (ht] [ au] _0
g2 n)p,p 91 an P,—»P—

where du/Oon means the directional derivative normal to C,,.

It is clear then that all competing functions have to satisfy the relation (18). It is easy to
realize now, that it would be very difficult to select a minimizing sequence that fulfills this
requirement. It is however possible to overcome this difficulty by modifying conveniently
the functional (13).

3. THE EXTENDED FUNCTIONAL. RELAXING THE CORNER CONDITION

It has been shown[7], that if certain terms are added to the classical energy functional
related to the wave propagation in solids, the competing functions do not have to satisfy the
Erdman—-Weierstrass corner condition.

We want to set up a similar extended functional related to equation (11).

Consider the functional

I[u] = %ffb[g(Vu)z — u? + 2uf] dx dy

1 u ou
+3 Cn{[gz 5;[w+[gl gﬁ]mp}[ua’z)—u(Pl)]pl,P,apds (19)

u
ux, YVMep=0 or —| =0

n

aD
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where g(x, y) and C;, are defined as before. The class of admissible functions for this
functional can be extended in order to include discontinuous functions. Let v(x, y) be
defined as follows:

v,(x, ¥) x,ye D
a) v(x, y) =
(@) oz ) {Uz()C, ») x,ye D,

(b) vy(x, y) and v,(x, y) are continuous differentiable functions in D, and D, respectively
(©) [v1lp,~p # [2]p,-p
3. +[2
onlp,p onlp,~p

(d) v(x, Y)|ap=0 or ov(x,y)|sp #0.

Then v(x, y) belongs to the class of admissible functions. Indeed, the first variation of (19)
gives:

oI =H (g Yu . V(du) — Au du + f du) dx dy

_5 Cia on
J 0

- (gz 2 g 26 - 5u1)] ds
on on Py, 2P

where du is defined in the same way as v. This expression can be rewritten after using
Green’s theorem:

51=H ~ V(g Vi) — Au + f] 6u dx dy
D

1 u Ju

_1 M g 2\ Gu,y + 6
2 (25— 0 50w + )}d 20)
1 dou, aéul)

-30, (02 52 o e —ur| as

But the admissible functions du = v(x, y) are free on C,,, that is, there are no require-
ments on the continuity of the function or its derivatives on C,, . Therefore the minimum
of the functional (19) will be reached for 6/ = 0, that is, when expression (20) vanishes.
The first integrand in (20) clearly vanishes, and since du is arbitrary it is necessary that

ou au] _0
92 on 9 n PI,Z_’P—

[(P2) — u(P)]p,, ,~p=0
for 61 = 0.

The second relation implies that u(x, y) is continuous on C,, and the first one is the
first condition of Erdman-Weierstrass that allows for a jump discontinuity on the gradient
of u(x, y) on Cy,.

The minimum of the functional (19) can then be approximated by a minimizing sequence
discontinuous on C;,. We can select a set {¢,(x, )} of coordinate functions defined on D,
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and another set {{,(x, )} defined on D,, such that [¢,(P)]p,~p # [¥:(P)]p,-p and form
the minimizing sequence u,(x, ¥):

ﬁ: Ay Py (x,y)e D,
Uy = k=1 (21)

kzl By (x,y)e D,.

The Ritz method to evaluate the 4,’s and B,’s such that (19) reaches a minimum, leads
automatically to those coefficients related to the extremal surface continuous on C,, and
with a discontinuity on the gradient on C,, as given by (18).

Although the numerical computation is more involved for the functional (19) as com-
pared to the functional (13), nevertheless it allows an excellent approximation to the mini-
mizing functions using a discontinuous sequence (21). As it will be seen in the next section
the jump discontinuity in the normal derivative along C,, is clearly displayed by the mini-
mizing sequence.

4. TORSION OF A NONHOMOGENEOUS ROD

Consider a rod of finite length with rectangular cross-section consisting of two different
perfectly elastic materials as shown in Fig. 3. It is subjected to a torque at both ends accord-
ing to Saint-Venant’s theory.

Let ®(x, y) be the well known stress function for the torsion of prismatical bars. The shear
stresses and the torque in terms of ®(x, y) are given respectively by:

Txz = 5 (223)
= -2 (22b)

M, =2 f f ®(x, y) dx dy. 23)

~
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Fig. 3. Cross section of the composite rod.
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If ®(x, ) is the solution to the torsion problem it minimizes a functional similar to that in
(13), with A =0, 1/g(x, ¥) and —1/2 f(x, y) representing the shear modulus and the specific
rotation of the cross section respectively. The boundary condition is ®(x, y)|,p = 0. But
in the present case the shear modulus is discontinuous on x = 0. Consequently, the shear
stress 7, is discontinuous on x = 0. Then as it is clear from (22), the gradient of the stress
function ®(x, y) is also discontinuous on x = 0. In order to make apparent this discontinuity
in the solution, let us form the extended functional according to the theory presented in the
Section 3. We may write:

1] =5 f f ( (V(D)2—46(I>) dx dy

1o [1 000 | 0@
— [ o2 — q)(l)}d
+2fo{+[G1 ~ TG, 6x]( )| dy

4

where the specific rotation 0 is constant and the shear modulus G(x, y) is equal to G, in D,
and G, in D,, G, # G,. ®™ and ®® represent respectively lim ®(x, y) and hm O(x, ).

x—>0"
Let us use the Ritz’s method to form a discontinuous minimizing sequence:

Z ALY sin sy — ) sin vn(x++ba) Ca<x<0
u,v=1 4 a A X (253)
(I)(x,h)~1 O0<y<c
G2 602 )
‘ _ b —
Z A‘z) sin prly — ) sin dt " bx) 0<x<b
¢ a (25b)
0<y<ec

Introducing (25a) and (25b) in (24) and using the conditions for a minimum in terms of
A2 and A2 we obtain:

Cu ALY + Dy AP =S, (u, k=1,...m)

E}lkA;'i) + F‘lkAl(c%) = TllV(iu" k = 1, e m)
for a fixed value of v.
where:
vin km um kn
C o = pkm?HY + H<2>— T — ks c
k= PKT uncosl+351nl+ﬁ ns1n1+ﬂ os1+ﬁ
prn . knp I knp
D,,,‘=;urcos1 +1351n1+ﬁ+k7ws1n1+ﬂcos1+‘3
unf . km kn . unp kn
Euk=yncosl+351 1+ﬁ+—smﬁ—cosm
. knB . unp knp
F = pkm®L} + L(Z)— cos urp sin — km sin == cos
= B eSS T g™ T+ g T 148
0 for v even
Sy = (1 + p)? um
—16y e (1 — ¢os m) for v odd
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0 for v even
= 2
T —16 (1—4_@ (1 - Cos —”ﬂ) for v odd
uvT 1+8
and
1
—— fork=u
1+5
HG®  {  ak—p) n(k + p)
sit —m—m———— —_—
L 1+5 1+5 for k # u
n(k — ) n(k + p)
B
—— for k =
1+p #
L@ =1 ak—wp . nk+wp
1
1+5 + 1+5 for k # pu
2k — 1) ok + p)
c b G,
i+ b= '=6,

In order to test the accuracy and convergence of the Ritz method, it was compared to a
finite element solution.

For a non-homogeneous cross section with « = 0-5, f =10 and y = 10-0 the reduced
stress-function and shear stress for x = 0 are shown in Figs. 4-6. The solution obtained by the
Ritz method with 16 terms in the series and by a finite element technique using a simple
triangular element, with a linear interpolation function for the reduced stress function[13],
with 200 elements in one half of the cross section, are in very good agreement.

4
!
16—~ A"&-.‘\
4= 8/ ‘\
N,
12 T—— / .
L ;" . by
K / 16 Termsin the % a=05
o oslb s e series X B=1
P L_ ! A Finite ‘elements £ y=10
3 f method \
- |/ "
04—/ a—n
! ‘n-‘__*..
o2fr ey
ISR NN TN N Y W NUNR T WO N VU N SO M S MY e e
-10 o0 L

Fig. 4. Profile of the reduced stress function at y = 0, in the interval —a < x < a.

The discontinuity in the first derivative of the stress function along the x axis, is clearly
exhibited in Fig. 4. A comparison between the values taken by the reduced stress function to
the left and to the right of x = 0 (Fig. 7) shows that, for 16 terms in the series, the maximum
error is less than 2 per cent. For 36 terms in the series the error is almost undetectable.
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Fig. 5. Profile of the reduced stress function at x =0,
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Fig. 6. Reduced shear stress at the interface.
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Fig. 7. Relative error on the approximation of the stress function at the interface.

The torsional rigidity for some values of the ratios y and § was compared to a solution
given by Muskhelishvili[11]. For all cases examined, the error was less then 2 per cent using
16 terms in the series (Fig. 8).

, y=100

i ®.a=05, B0
| =10, y=10-0
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4 o a=02, B

a a=05, 8=10, y=1000-0
N Terms

Fig. 8. Relative error of the torsional rigidity obtained with the Ritz method compared with
the Muskhelishvili’s solution.

5. CONCLUSIONS

The Ritz method applied to the extended functional provides an excellent approximation
for two dimensional problems. The discontinuity in the first derivative of the extremal surface
is also quite clearly shown in the series solution. This result confirms the efficiency of these
extended functionals for two-dimensional problems.

The determination of extended functionals for other class of problems, involving derivatives
of higher order for instance, can be done starting from the Erdman-Weierstrass corner
conditions[12], and following the same approach discussed above.

It seems also that the use of such functionals to derive the fundamental equations of a
finite element technique is promising, in those cases where it is convenient to relax the
requirements of continuity of some of the variables.
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Aécrpakt — IpumMensiercs 30eck Me1on PuTua ¢ ocnaGiieHHRIMH KOOPAMHATHBIMM QYyHK-
LMSMH, C HEJIBIO ONIPEAeICHHES HOBEACHHON A0 MUHHMYMA IOC/ICOBATENBHOCTH It PyHKIHO-
Hana yrouHeHus. UnTerpupyeman ¢yHxuus VEKUMOHANA 3aKmrovaeT B ceb¢ pA3PHIBHEIE
dyHkuuH, DTO ABIACTCA NPUYMHON, YTO TPANMCHT LU 3aBHCHAMOM JXCTpPEManbHOM KPHBOM
HIIH TIOBEPXHOCTH TaKXe HOMYCKACT pa3phiBhl,

Hccneayercs cacTeMaTHyeckas myTh st odopmitenns QYHKIMOHAIA YTOYHEHHMSA, pas-
pelaoas MUHHMAILHOM MOCAENOBATEBHOCTE TPHOGIHAKHUTCH K CTPOrOMYy PEIlCHHIO,
MOKa3BIBAKOLIEro pasphisbl B TPATHEHTE IKCTPEMANILHOM MTOBEPXHOCTH,

YxazaHo, 4yTo 10OaBOYHBLINA 4iieH, IPHOABIICHHLIE K KIACCHYECKOMY DEIIICHHIO, CBA3AH C
YIJIOBBIM YCTOoBHEM JpaumMenaYaderpana.

OKOHYATEIHHO, MPUMEHSETCA 3TOT METOHN K KPYYeHHIO cocTaBHOTO crepxkus. CpaBHH-
BalOTCH PE3YIBTATHI C PEIUEHHEM TIOMYYSHHBIM METOIOM KOHECYHOTO 3EMEHTA.



